Abstract -We apply a functional-discrete method with convergence rate not worse than that of a geometric series for an eigenvalue transmission problem with periodic boundary conditions. It is shown that the convergence rate increases with an increase in the ordinal number of trial eigenvalue. Based on asymptotic behavior of eigenvalues of the basic problem and the functional-discrete method, qualitative results concerning the arrangement of the eigenvalues of the original eigenvalue transmission problem with periodic boundary conditions are proved. A number of numerical examples are given to support the theory.
Introduction
The functional-discrete method (FD-method) to solve numerically differential equations, especially the Sturm-Liouville problem, is proposed in [4, [12] [13] [14] [15] . The approach is recursive and based on joint use of asymptotic series and standard numerical techniques. The idea of this method is the following. For zero iteration one uses the method of differential equation approximation [1-3, 5-10, 16-19] with piecewise constant approximation of the equation coefficients. For each next iteration step, we solve the nonhomogeneous transmission problem for a second-order differential equation with piecewise constant coefficients and the righthand part which is constructed by using solutions at previous iterations. As a result of such approximation, it is possible to write exact solution explicitly at each mesh interval, where the coefficients are constants, in terms of trigonometric functions. Arbitrary parameters are found from matching conditions at the mesh points. It is proved that convergence rate is not worse than that in the case of geometric series.
It is shown [14, 15] that for the Sturm-Liouville problem with the FD-method we are able to find eigenpairs with any desired ordinal number in contrast with the finite-element and finite-difference methods. Moreover, the higher ordinal number, the better the convergence rate. In [11] the FD-method is extended to the eigenvalue transmission problem with Dirichlet boundary conditions, and investigation of the influence of the matching conditions on the characteristics features of eigenvalue arrangement is carried out. It is proved that depending on the matching point, two series of eigenvalues may exist, and an algorithm provides a different convergence rate for each sequences. For the first one, as in the case of the Sturm-Liouville problem, the higher ordinal number, the better the convergence rate. For the second one, in contrast with the case of the Sturm-Liouville problem, the convergence rate is the same and does not depend on the ordinal number of the trial eigenpair. By using the FD-method and asymptotic estimates of eigenvalues of the basic problem, the qualitative result concerning the arrangement of the eigenvalues of the original problem is established. Namely, it is shown that depending on the matching point, such pairs of eigenvalues may exist that the difference between them tends to a constant as the ordinal number tends to ∞.
This article deals with a numerical solution of the eigenvalue transmission problem with periodic boundary conditions and investigations of the influence of periodic and matching conditions on the arrangement of eigenvalues by using the FD-method. The rest of the paper is organized as follows. In Section 2 we describe the algorithm based on the FD-method to find an approximate solution of the eigenvalue transmission problem with periodic boundary conditions. Investigations of the basic eigenvalue transmission problem with periodic boundary conditions and convergence results are presented in Section 3. Section 4 is devoted to analysis of numerical examples. Conclusions are made in Section 5.
Numerical technique
Let us consider the following eigenvalue transmission problem:
with periodic boundary conditions
and matching conditions at the point x (1) 
where [f (x
) is a jump of a function at the point x (1) .
Let us introduce the Hilbert spaces
equipped with inner products and norms, respectively,
)],
We write the original eigenvalue transmission problem (1) as an operator equation:
where θ is a zero element of the space W 1 2 ; operators A, B and approximating operator B are defined as follows:
with the domain
Here q(x) 0 is the piecewise constant approximation of the function q(x). We present the solution of problem (1) as series [14] :
where λ
ni are defined as follows. At zero iteration eigenpairs, (λ
ni ) (i = 1, 2) are the solutions of the basic eigenvalue transmission problem with periodic boundary conditions:
is the solution of the nonhomogeneous second-order differential equation with periodic boundary conditions and matching conditions:
To provide uniqueness for the solution of problem (4), we use the condition
Then, from the latter condition and the condition of solvability for the nonhomogeneous problem (4), we obtain λ
Hence, the algorithm to find a numerical solution of problem (1) consists of consecutive finding of λ (j+1) n according to (6) and u (1) is the truncated series
Convergence results
In order to estimate the convergence rate of the numerical solution (7) to the exact solution (2) of problem (1), we apply Theorem 1 [14] .
Theorem 3.1 [14] . Let H be the Hilbert space with the norm · , I be an identical operator, and A, B, B be abstract operators such that
. Assume that the eigenvalues of the basic problem
2 < . . . , and the associated eigenfunctions {u 
If the inequality
Now we are in the position to estimate the constants constituting q n from Theorem 3.1 for the specific operators of problem (2) . For this we investigate the basic problem (3). Firstly, we consider the case q(x) ≡ 0. The eigenvalues of problem (3) with q(x) ≡ 0 are nonnegative. The associated eigenfunctions for the positive eigenvalues can be written as u
From the matching conditions, we get the system of linear algebraic equations
The eigenvalues are just the values of λ
n for which the determinant of this system is equal to 0, that is,
As one can see, the eigenvalues of the basic problem (3) with q(x) ≡ 0 do not depend on the matching point x (1) . Thus, for any matching point x (1) , there exist two series of eigenvalues:
2. depending on r. They are the solutions of the following equation:
Suppose they are arranged in the following way:
It is easy to see that both kinds of roots are simple. To estimate q n from Theorem 1, let us obtain asymptotic estimates of eigenvalues satisfying (9) . For large enough n, we present λ (0)2 n as follows:
where β n → 0 for n → ∞. Then from (9) we get
), which leads to the following asymptotic formula:
From asymptotic formula (10), we get estimates
that is,
).
From estimate (11) we obtain λ
So, according to Theorem 3.1, we conclude that for all eigenpairs of the eigenvalue transmission problem with periodic boundary conditions the convergence rate of the FD-method increases with an increase in the ordinal number. Using Theorem 3.1, one can obtain a convergence result with explicit estimates.
Theorem 3.2. If the inequality
is satisfied, then the FD-method (4)-(6) converges to the corresponding solution (λ n , u n ) of problem (1) not worse than a geometric series with the denominator q n . The following estimates hold:
Using the asymptotic estimates of the basic problem (2) with q ≡ 0 and Theorem 3.2 on the convergence rate, we can establish the following result concerning the asymptotic behavior of the eigenvalues of the original problem (1).
Theorem 3.3. Let the assumptions of Theorem 3.2 be satisfied. Then, the difference between two neighboring eigenvalues of the original problem (1) increases with an increase in the ordinal number as O(n) for all eigenvalues.
Proof. Let us consider the difference between two neighboring eigenvalues of problem (1)
It follows from Lemma 2.1 that
Then, by using the latter inequality, the asymptotic estimate (11), and Theorem 3.2, we obtain the estimate 
From this lim
,
From the estimate
and the asymptotic formula (10) for λ
2n+1 (0) we get the following inequality:
From this we can conclude that the eigenvalues of problem (1) )dx,
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Then consider
According to Theorem 3.2
and the expressions for λ (j) 2n (0), j = 0, 2, we obtain
Hence, the eigenvalues of problem (1) with even ordinal numbers depend on r as O r n 2 .
As we saw previously, for q(x) ≡ 0 there exist the eigenvalues of the original problem (1) which do not depend on the parameter r. The natural question is the following. Are there other functions q(x) with the same property? The next Theorem is an answer to this question. q(1 − x) . In this case, the eigenfunctions of problem (1) are symmetric, that is,
The symmetric eigenfunctions of problem (1) satisfy the periodic condition u n1 (0) = u n2 (1 1 2 = 0 (i = 1, 2). Hence the original problem (1) splits into two identical eigenvalue problems:
The corresponding eigensolutions of these problems coincide and do not depend on the parameter r. The antisymmetric eigenfunctions of problem (1) satisfy the periodic condition
. The periodic condition u n1 (0) = u n2 (1) leads to u n1 (0) = 0 and u n2 (1) = 0. Since
), then the matching conditions lead to , 2) . Hence the original problem (1) splits into two eigenvalue problems:
It is clear that the corresponding eigenvalues of these problems coincide and the eigensolutions depend on the parameter r. as O sin 2π(2n−1)x (1) n , and the eigenvalues with even ordinal numbers depend on x (1) as O sin 4πnx (1) n .
Proof. As it follows from (8)- (10), λ
n (0) does not depend on the matching point x (1) . Let us find λ (1) n .
Since for the eigenvalues with odd ordinal numbers the eigenfunctions of the basic problem with q ≡ 0 are
where a
Taking into account the asymptotic estimate (10), we obtain
Since for the eigenfunctions with even ordinal numbers the eigenvalues of the basic problem with q ≡ 0 are
),
n .
(14)
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By using the estimate
where
and (13) for m = 2n + 1 and (14) for m = 2n, we get
n ,
Numerical results
Firstly, we consider the case q ≡ 0. To find the approximate eigenvalues of problem (1) with the odd ordinal number λ 2n+1 , we use the technique of exact three-point difference schemes [11, 20] . We find the approximate eigenvalues of problem (1) with the even ordinal number λ 2n by integration. To illustrate algorithm (3)- (7), let us consider the following examples.
Example 1. We consider problem (1) with q(x) ≡ αx, α > 0. Exact solution of this problem is well known. The eigenfunctions are the combinations of the Bessel functions. The eigenvalues are the roots of the equation
where the elements P ij (λ) of the matrix P (λ) = (P ij (λ)) 4 i,j=1 are the following:
In our numerical experiment, we compare the approximate eigenvalues found by the FDmethod with the approximate solutions of equation (15) Table 1 for q ≡ 0 and in Table 2 for q = 0. As follows from Tables 1-3, the convergence rate improves with an increase in the ordinal number of the trial eigenvalue and with an increase in the number of steps in q.
The results are also depicted in Fig. 1 for α = 1, x
= 1/4, r = 1, q ≡ 0. The error is depicted on a logarithmic scale. From Fig. 1 we note that the absolute value of the deviation of the approximate eigenvalue from the exact one ∆ n (m) = |λ
in accordance with the theoretical convergence rate, as in the case of geometric series (Theorem 3.2). From Fig. 1 one can see that the slope increases as the ordinal number of the trial eigenvalue increases. This confirms the theoretical result that the convergence rate of the FD-method improves with an increase in the ordinal number for all eigenvalues.
Calculations confirming the asymptotic estimate (10) for the eigenvalues λ
2n+1 of the basic problem (2), with q ≡ 0, are presented in Table 4 .
The numerical results that confirm Theorem 3.6 are presented in Table 5 . As one can also see from Table 5 , for r → ∞ the eigenvalues of the eigenvalue transmission problem with periodic boundary conditions tend to the eigenvalues of the Sturm-Liouville problem with periodic boundary conditions.
. As one can see from Table 6 , the eigenvalues with even ordinal numbers do not depend on the coefficient r, which confirms Theorem 3.5. 
Conclusions
Based on the FD-method, we propose the recursive algorithm (3)- (7) to find a numerical solution of the eigenvalue transmission problem with periodic boundary conditions with any desired accuracy and any ordinal number. It is shown that as in the case of the eigenvalue transmission problem with the Dirichlet boundary conditions, two series of eigenvalues of the basic problem exist. The first series does not depend on the coefficient r, while the second series depends on this coefficient r. However, in contrast with the case of the Dirichlet boundary conditions, for periodic boundary conditions the eigenvalues of both series do not depend on the matching point x (1) . Based on the asymptotic behavior of the eigenvalues of the basic problem and using FDmethod, the qualitative results concerning the arrangement of the eigenvalues of the original problem have been established. Firstly, the difference between two neighboring eigenvalues increases with an increase in the ordinal number in contrast with the case of the Dirichlet boundary conditions, where, depending on the matching point, such pairs of eigenvalues may exist that the difference between them tends to a constant as the ordinal number tends to ∞. Secondly, the eigenvalues of the original problem with odd ordinal numbers depend on the coefficient r substantially, whereas the eigenvalues of the original problem with even ordinal numbers depend on r insubstantially. Thirdly, in contrast with the Dirichlet boundary conditions, the influence of the matching point x (1) on the arrangement of the eigenvalues of original problem is not substantial. It is proved that for the symmetric piece smooth function q(x) there exist the eigenvalues of the original problem that are independent of the matching parameter r. Table 2 . The eigenvalues of the basic and the original problems for x Table 3 . Absolute error for Table 5 . Dependence of the eigenvalues of the original problem on r for x (1) = 1/4, α = 1 
